We consider a new D = 2 nonrelativistic classical mechanics model providing via the Noether theorem the (2 + 1)-Galilean symmetry algebra with two central charges: mass m and the coupling constant k of a Chern-Simons-like term. In such a way we provide the dynamical interpretation of the second central charge of the (2 + 1)-dimensional Galilean algebra. We discuss also the interpretation of k as describing the noncommutativity of D = 2 space coordinates. The model is quantized in a Lagrangian as well as Hamiltonian framework and it is interpreted as describing the superposition of the free motion in noncommutative D = 2 space and the "internal" oscillator modes. Further we add a suitably chosen class of velocity-dependent twoparticle interactions, which describe local potentials in the D = 2 noncommutative space. We treat, in detail, the particular case of an oscillator and describe its quantization. Finally we show that the * Department of Mathematical Sciences, Science Laboratoires, University od Durham, South Road, Durham DH1 3LE, England † On leave of absence from the Institute of Theoretical Physics, University of Wroc law, pl. Maxa Borna 9, 50-204 Wroc law, Poland ‡ Faculty of Physics, University of Bielefield, Universitätsstr.25, 33615 Bielefeld, Germany 1 indefinite metric due to the third time derivative term in the field equations, even in the presence of interactions, can be eliminated by the imposition of a subsidiary condition.
Introduction
In a N-dimensional nonrelativistic classical mechanics the Galilean symmetry transformations (i, j = 1, . . . , N)
generated by the Galilei algebra G N leave the equation of motion invariant, but quite often the Lagrangian is changed under the transformations (1.1) by a total time derivative (see e.g [1, 2] ). Such a quasi-invariance of the Lagrangian leads to the appearance of a central extension G n →Ĝ N of the Galilean algebra. Let us recall that G N is described by 1 2 N(N − 1) rotation generators J ij = −J ji (generate O(N) rotations R i j ), N momenta P i (generate space translations a i ), N Galilean boosts K i (generate velocities v i ) and the energy operator H (generates time shifts τ ). The best known central extension, occuring for any N ≥ 1, describes the mass generator M which modifies the commutativity of boosts and momenta as follows (see [3] [K i , P j ] = iδ ij M .
( 1.2)
The relation (1.2) implies that for M = 0 by defining
one can embed the Heisenberg algebra
into the enveloping algebra of G N . This procedure has important consequences, in particular the no-interaction theorems valid for relativistic Poincaré-invariant two-particle systems (see [2, 4, 5] ) are not valid in the nonrelativistic case.
The simplest way of demonstrating the physical interpretation of the central charge M involves considering a free nonrelativistic particle, with the Lagrangian L 0 = 1 2 mẋ 2 i . Introducing the momenta p i = ∂L 0 ∂ẋ i = m iẋi we find from the Noether theorem applied to the transformations (1.1) ( p = (p 1 . . . p N )) that
If we introduce the canonial commutation relations (1.4) for X i = x i and P j = p i we can show that (1.5) povides the one-particle realization of the Galilei algebra G N , centrally extended by the mass generator M = m·1.Using the field equationsṗ i = 0 we obtain further that the generators J ij , P i and H are constant in time, and K i depend on time in accordance with the Galilei algebra relationK
Let us add that it is the cohomological consideration (see e.g. [6] ) which shows that in three space time dimensions (N = 3) the mass generator M is the only central charge which can be added to ten generators of the classical Galilei algebra G 3 . This conclusion is not valid for N = 1 and N = 2; for N = 1 (one space, one time) we can introduce two central charges and for N = 2 (two space, one time) we have the possibility of three central charges (the mass M and two additional central charges K, E -see [7] ). In the latter case we have the following extended Galilei algebraĜ 2 (J 12 = J; i, j = 1, 2): In what follows we shall restrict ourselves to the case E = 0 because as shown by Levy-Leblond [7] if E = 0 the algebra (1.7) can not be integrated to the extended N = 2 Galilei group E = 0. Indeed, assuming that E = e · 1, the finite O(2) rotations generated by J transform as follows:
However, as θ = 2π and θ = 0 should give identical result, one can integrate the Lie algebraĜ 2 to the corresponding Lie group only if e = 0. The representations of the Lie algebra (1.7) with three central charges M, K, E as well as the projective representations of the corresponding N = 2 Galilei group were studied by several authors (see e.g. [7] [8] [9] [10] [11] [12] ). Indeed, in accordance with the general scheme (see e.g. [3, 6] ) the appearance of central charges in Lie algebra lead on the group level to the appearance of projective representations of the corresponding Lie group. The main result of this paper involves finding a Lagrangian model which provides via the Noether theorem the N = 2 Galilean algebraĜ 2 with two central charges M = m · 1 and 
As we will show, our model can be described either in terms of phase space variables with commuting space coordinates, in which the Lagrangian has been originally written, or in terms of new phase space variables with noncommutative space coordinates given by the relations (1.9). After considering free motion in the noncommutative space we shall introduce interactions in the classical D = 2 space generating a potential term which depends on noncommuting D = 2 space coordinates. Recently there have been several proposals of the deformations of space-time variables leading to their noncommutativity (see e.g. [13] [14] [15] [16] ) and also of the deformed classical and quantum mechanics (see e.g. [17, 18] ). In our case we exploit the explicit relation between commuting and noncommuting position variables and we expect that our model can contribute also to a better understanding of the dynamical models on other noncommutative spaces. The plan of our presentation is as follows. In Sect. 2 we present our model in a Lagrangian as well as Hamiltonian formulation, write down the corresponding constraints, Dirac brackets and introduce the symplectic formalism. It appears that in the Lagrange formalism one has three pairs of canonical variables (positions x i , velocitiesẋ i and accelerationsẍ i ). In the Hamiltonian formalism, following the schemes for higher order Lagrangians [19] [20] [21] [22] one has besides the positions x i also two pairs of momenta p i , p i as phase space variables; it should be mentioned that also intermediate formalism is possible, with the canonical variables (x i ,ẋ i , p i ). In Sect. 3, using the phase space formalism, we discuss the Galilean symmetries: Noether charges and conservation laws.In Sect 4 we present the symplectic formalism for the choice of phase space with noncommuting space coordinates satisfying the relations (1.9), and use this formalism to consider the dynamics of the model. We arrive at the conclusion that the Hamiltonian of section 2 can be diagonalised and that it describes the free motion in noncommutative phase space supplemented by the oscillator modes with negative sign of their energies. In sect. 5 we introduce the two particle D = 2 Galilean invariant dynamics and consider a class of velocity-dependent interactions, which imply the appearance of the potential term in the noncommutative D = 2 space. In particular, we study in detail a model with noncommutative harmonic forces, describing a harmonic oscillator in the D = 2 noncommutative space which was first introduced, in the Hamiltonian framework, in [9] . We find that although the parameter k (see (1.9)) modifies the standard spectrum of the oscillator all its eigenvalues remain positive. In sect. 6 we discuss the problem of indefinite metric. We find that the modes carrying indefinite metric can always be removed by the imposition of a Gupta-Bleuler type of subsidiary condition. The paper contains also two Appendices. In the first one we show that our Lagrangian is the most general N = 2 Galilei-invariant Lagrangian linear in the second time derivative of the position variable. In Appendix B we discuss explicitly the solutions of the free model with the separation of the degrees of freedom describing the free motion in the noncommutative D = 2 space from the internal oscillator degrees of freedom carrying indefinite metric. Further, in Appendix B, we consider the model as a one-dimensional field theorywe present its Green functions and write down the commutation relations for arbitrary time differences.
A model with a Chern-Simons-like term
As is well known in two dimensions due to the existence of Levi-Civita antisymmetric metric ǫ ij one can introduce a free particle action with Chern-Simons like term (λ has a mass dimension):
The second term can be interpreted as a coupling λA jẋj of a particular electromagnetic potential A j = ǫ ij x i corresponding to the magnetic field strength
The action (2.1) is neither invariant nor quasi-invariant under the Galilean boost transformations; the symmetry algebra is described by Hamiltonian H and D = 2 Euclidean inhomogeneous algebra (J, P 1 , P 2 ) centrally extended by the central charge Λ = λ · 1:
In order to obtain a two-dimensional model which is quasi-invariant under D = 2 Galilei symmetry we modify the second term in (2.1) and consider (k has dimension mass × time)
It is interesting to observe that following the methods of [23] one can show that the Lagrangian (2.3) is the most general one which is quasi-invariant under the D = 2 Galilei transformations and which contains at most a linear dependence on the second derivative termsẍ i (see the Appendix A).
The Hamiltonian description of the Lagrangian (2.3) follows from the Ostrogradski formalism for higher order Lagrangian, supplemented by the Dirac brackets technique. Due to the presence of a second order derivative in the Lagrangian we have to introduce two momenta:
Hence in our case
The Lagrange equation of motion
takes the form in our caseṗ
The Hamiltonian takes the form
Because mẋ
The Hamiltonian formalism for the Lagrangian (2.3) can be written in the eight-dimensional phase space (x i ,ẋ i , p i ,p i ) with two constraints
These constraints lead to the replacement of the canonical Poisson brackets
where
In particular the fundamental Poisson bracket relations are replaced by the symplectic structure depending on the choice of six independent canonical variables. We have two possibilities:
i) The phase space with two momenta y A = (x i , p i , p i ).
Then from (2.12) we have
14)
The Hamiltonian equations of motion
where H is given by (2.9) take the form:
16b)
.
Substituting the constraint equation (2.16a) into (2.16c) differentiating and using (2.16b) reproduces the equations (2.6).
To obtain the quantized form of the canonical commutation relations (2.13) as well as the Heisenberg equations of motion we perform the replacement
whereŷ,ŷ ′ denote the quantized variables.
ii) The choice of independent variables
The symplectic structure is given by
The HamiltonianH reads after using (2.46)
The Hamiltonian equations arë
and the relationẋ i = {x i , H}D has become an identity. One can easily see that the equations (2.16 a-c) and (2.21 a-c) supplemented by the constraints (2.10) are equivalent.
The quantization in the Lagrangian framework of the system involving x i ,ẋ i ,ẍ i as independent variables is performed in the best way by the Green function techniques and is described in Appendix B.
Noether charges and the generalized D = 2
Galilean algebra
Let us consider a Lagrangian L(x i ,ẋ i ,ẍ i ) which depends on the first and second time derivatives. The variation of the action S = dtL under the change x i → x i + δx i takes the form (see e.g [19, 20] )
If δx i = F r i (x i , t)δα r describes the symmetry, i.e. δL αr = 0, one obtains the following formulae for the generator
which is conserved
If the Lagrangian L is quasi-invariant under the symmetry transformation, i.e
the generators (3.2) are not conserved. However, as the nonconservation law takes the form
we can introduce modified generators Q r = Q r − F r which are conserved. The generators Q r correspond to the modified symmetry transformations with central charges.
Let us list below the generators of the D = 2 Galilei symmetry for the Lagrangian (2.3). We have
Using the constraint equations (2.10) we find that
(we denote the nonconserved Noether boost charges by B i ) ¿From (3.2) we obtain
The Lagrangian (2.3) is quasi-invariant under Galilean boost transformations; in fact
and the relation (3.5) takes the form
Using the equation of motion (2.6) and the definition (2.4b) ofp i we find, in consistency with (3.11) , that
Taking into consideration (1.6) we arrive at the formula for the Galilean boost generators
which is not conserved. In order to derive modified boost generators which are conserved we note from (3.11) and (3.5) that
and so we see that only for t = 0K i = K i . Let us recall that the full D = 2 Galilean algebra is described by the generators (3.6), (3.8), (3.13) and the energy operator H given by (2.9). If we use the Dirac brackets (2.13)-(2.19) it can be shown that we obtain the D = 2 Galilean algebra (1. 
If we put P i = p j we obtain the standard canonical Poisson bracket
In order to obtain {X i , P j } D = 0 we should redefine the second pair of momenta as follows
Introducing six phase space variables Y A = (X i , p i , P i ) we obtain the following symplectic structure
We see from (4.4)-(4.5) that the parameter k introduces the noncommutativity in the coordinate sector, in accordance with recent ideas of noncommutative geometry (see e.g. [13] [14] [15] ). One can describe the model in the Hamiltonian framework using the variables Y A . In particular the symmetry generators can be expressed as follows
Then the dynamics of the model is described by the following set of equations, with H given by the relation (4.6c)
or, more explicitly,
8a)
8b)
We see from relations (4.8a,b) thatẌ i = 0, i.e. that our model describes a free motion in the noncommutative two-dimensional space, supplemented by the independent "internal " modes described by the variablesP i , which can be identified with a standard pair of canonical variables. Indeed, identifying
z 2 we get from (4.5) that
and (4.6c) reads
Introducing oscillator variables
we find that
and
We see that our model describes a free motion in the noncommutative space (X 1 , X 2 ) supplemented by the internal degrees of freedom described by the oscillator modes with negative energies. Indeed, introducing the correspondence principle
we obtain from (4.12) [C, C † ] =h (4.15) and the spectrum of the Hamiltonian (4.13) is given by
Finally, let us observe, following [9] , that the free movement in the noncommutative space (X 1 , X 2 ), after the transformation to the new space variablesX
is equivalent to a Hamiltonian theory of a free Newtonian particle. Indeed, we find that {X i ,X j } D = 0, {X i , p j } D = δ ij and the theory is invariant under the D = 2 Galilei symmetries only with one central charge M = m1 provided that we introduce the new generatorŝ
according to (4.17).
5 Local potentials in the D = 2 noncommutative space and the case of harmonic forces
In the previous section we did show that our model defined by the Lagrangian (2.3) can be decomposed into two decoupled sectors:
i) The external one described by the variables (X i , P i ) with P i = p i and X i describing noncommuting D = 2 space coordinates. These variables can be related, by means of the transformation (4.17), to the classical D = 2 space variablesX i 4 . It appears that our model describes the free motion in the noncommutative space X i which is equivalent to the free motion expressed in terms of commuting positionsX i .
ii) The internal sector is described by the auxiliary momentaP i which commute with the external variables.
The model (2.3) describes the one-particle D = 2 Galilean dynamics and so is fixed uniquely by the Galilean invariance with k = 0 and E = 0 (see (1.7)) 5 . In order to add to the free Lagrangian (2.3) the potential energy term consistently with Galilean invariance we have to consider two-body particle dynamics. Denoting by x i;1 , x i;2 (i = 1, 2) the positions of two point particles we consider the following Lagrangian
where V is a scalar with respect to the D = 2 space rotations O(2) and which is, by construction, invariant under translations and Galilean boosts. L 0;r are given by (for simplicity we putm = m 1 = m 2 andk = k 1 = k 2 ) L 0;r =m 2ẋ If we define the centre-of-mass (CM) and relative coordinates
we can rewrite (5.1) as
The global CM motion described by (5.5a) has exactly the structure of the one-particle dynamics discussed in sections 2-4. In the following we shall study the dynamics of the relative two-particle motion described by the Lagrangian (5.5b). Let us first observe that by adding to (2.3) an arbitrary potential V (x i ,ẋ i ) we do not modify the constraints (2.10), i.e. the definitions of the symplectic structures (2.14) and (2.19) remain valid. Introducing the variables in internal and external sector by means of the relations (4.1) and (4.3), where now
we obtain the symplectic structure (4.5) unchanged in the presence of any potential V (x i ,ẋ i ). In order to have the decomposition of external and internal sectors the Hamiltonian obtained from the Lagragian (5.5b) should also split into the sum
We shall consider here the interactions V (x i ,ẋ i ) which do not modify the free choice of the internal Hamiltonian and add to the free external Hamiltonian an arbitrary potential U(X)
For that purpose we will take
It is easy to check that the potential U does not modify a free part (2.9) of the Hamiltonian and so using (5.5b), (4.1) and (4.3) we get
We see therefore that the particular velocity-dependent interaction (5.9) leads to local interactions involving noncommutative variables. The property that quantum mechanical models on noncommutative spaces can be transformed into standard but complicated models on commuting spaces is known from the studies of quantum deformed models of quantum mechanics (see e.g. [17, 18] ). Our model provides one more example of such a construction. In the simplest case one can assume that the potential U is quadratic and so consider the following form of the noncommutative oscillator Lagrangian
which contains the Chern-Simons term. The equations (2.6) are now generalised to
We define
and we get
Then introducing noncommutative coordinates (4.1) and the modified auxiliary momenta (4.3) we obtain (putting P i = p i ) the expected special form of (5.8)
Hamilton's equations (4.7) then give uṡ
Thus we obtain the following equation for our noncommutative X i :
We note that the velocity dependent term in (5.17) is due to the noncommutativity of the space coordinates X i (see (1.9)). If we now introduce, in the standard way, the oscillator variables
Calculating the Dirac brackets for the oscillator variables (5.18a-b) and quantizing by the substitution {., .
We see that we have obtained the deformation of the oscillator algebra which violates the holomorphic description of the corresponding coherent states. In order to understand the meaning of the deformation (5.20) we can, however, introduce the standard symplectic structure and having introduced the commuting position variables (4.17) relate the noncommutative oscillator model with the standard oscillator. In this way, following [9] we find that (5.15) gives us
and where, as is clear from (4.6b),
describes the O(2) angular momentum for the external dynamics. The first part of the Hamiltonian (5.21) is the standard oscillator. If we introduce the standard quantized oscillator variables
As is well known, using the operators (5.25) and the 2 × 2 Pauli matrices σ r (r = 1, 2, 3), we can construct the SU(2) Lie algebra generators
The SU(2) Casimir J 2 = J r J r is related to the number operator (see (5.27a)) by
Let us consider now the common eigenstates of N and J 2 (see also [9] )
N|n; l >= n|n; l > n ∈ N (5.31a)
We see from (5.29), however, that in the oscillator representation the number n plays the role of the half of the angular momentum eigenvalue. Following the standard discussion of quantum mechanics we see that we have the restriction |l| ≤ n. 
If we now introduce the states
we obtain the following formula for the eigenstates (5.33)
We would like to make the following two additional remarks
i) The Lagrangian (5.5a) can also be discussed for nonharmonic potentials U(X i ). For example one can assume that U(
It is easy to see that such a model with noncommutative quartic interaction will lead in the commuting space to the Hamiltonian with the generalised kinetic term p
Such a model is now under consideration.
ii) One can also ask if it is possible to generalize the free oscillator Hamiltonian H (int) (see (5.7)). It can be shown that such a generalization is possible only if we can introduce terms with second order time derivatives which are different from the Chern-Simons-like term in (2.3). It appears, however, that in such a case, the constraints (2.10) are not valid and the separation into "external" and "internal" degrees of freedom looses its meaning. Moreover, for the interacting "internal" degrees of freedom the negative metric states cannot be consistently eliminated by the imposition of a subsidiary condition.
Concluding Remarks
In sect. 2-4 we have presented a one-particle model with higher order derivatives, which provides the dynamical interpretation of the second central extension of D = 2 Galilei algebra. The model can be interpreted as describing a free motion in the D = 2 space with noncommuting coordinates with internal structure described by oscillator modes with negative energies. Further, in sect. 5, we have also considered the two-particle Galilean-invariant dynamics with relative motion described by a model with a potential depending on noncommuting coordinates. It appears that such models are obtained if our primary Lagrangian contains suitably chosen velocity-dependent interactions. In particular, we have fully discussed the case of a harmonic oscillator in noncommutative space. The modification due to the noncommutativity introduces into the Hamiltonian of a two-dimensional oscillator a bilinear SU(2)-breaking term.
It appears that the dynamics in the models considered in sect. 5 can also be separated into two independent sectors -describing external and internal dynamics. The external dynamics describes the quantum mechanics in the D = 2 space with noncommuting coordinates. The internal dynamics, even in the presence of the interaction in the external sector, is described by free oscillators (4.15).
It can be deduced from the general framework for higher order Lagrangians (see eg [19] ) that in our model must exist states which after quantization are endowed with indefinite metric. These states are generated by the internal oscillator variables (see (4.15) ) and can be eliminated from the physical spectrum by imposing the subsidiary condition C|P h >= 0. In the case of our model (2.3) we can eliminate all indefinite metric states by imposing the subsidiary condition
where the states |P h > belong to the Hilbert space of physically acceptable states with positive norms. In the free case from the form of the projector operators (see (B.5)) we should therefore assume that for physical states the expectation value of the acceleration vanishes
In case of interaction described by the potential (5.9) we obtain from the Lagrangian (5.5b) the following equations of motion
The subsidiary condition (6.2) eliminating the states with negative metric is generalised to take the form
i.e. in the physical sector we retain only the reduced dynamics in the external sector. The factorisation of the Euler-Lagrange equations (6.3) shows that the operatorÔ ij describing the modes which carry indefinite metric does not depend on the interaction term. In summary, one can treat the presented model as an explicit realization of a theory with higher derivatives, with interesting symmetry properties, constraints and several symplectic structures. In our view it is important that the model provides an example of a Lagrangian dynamics which can be expressed equivalently in terms of commuting and noncommuting position variables. Moreover, although our model contains higher order derivatives, even in the interacting case, the ghost problem of higher order Lagrangian theories can be solved. The unphysical features (negative energies, negative metric states) which are linked with the introduction of the noncommutative structure are described by free modes and can be made harmless by the imposition of the subsidiary condition eliminating negative metric states. Finally we would like to add that since the appearance of recent models of strings with substructure described by the so-called 0-branes (see e.g. [26, 27] ) the (2+1) dimensional Galilei-invariant systems have become more important. Possible links with such applications are under consideration.
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Appendix A
In this appendix we prove the following Theorem. The most general one-particle Lagrangian, which is at most linearly dependent onẍ, leading to Euler-Lagrange equations of motion which are covariant with respect to the D = 2 Galilei group, is given, up to gauge transformations, by
with m and k constant. Proof
• (i) Covariance of the equations of motion, with respect to the D = 2 Galilei group is equivalent to the statement that the Euler variation f i is independent of t, x andẋ and transforms, under space rotations, as an i th component of a vector (see [23] ), i.e.
• (ii) If we now suppose that L is at most linearly dependent onẍ
we conclude from (A.2) that f i does not depend on ....
x and is linearly dependent on
...
Because the r.h.s. of (A.5) is an antisymmetric tensor independent of x, we have f 2ij (ẍ) = 2kǫ ij (A. 6) with K=constant (the factor 2 is a matter of convenience).
Putting (A.6) back ito (A.5) we conclude
with L 21ij being a symmetric tensor. Therefore we have as an intermediate result
• (iii) We now perform a gauge transformation
Because the Euler-variation is invariant with respect to the gauge transformation (A.9) we find from (A.2) and (A.4) that
But (A.12) is a well known text-book problem (cp. Landau -Lifshitz, Vol.I) with the solution
• (iv) Combining (A.8), (A.9) and A(13) we arrive at (A.1) up to a gauge transformation.
Appendix B
Let us write explicitely eq. (2.6)
Then we see that for k = 0
Consistently with the conclusions of section 4 any solution of (B.3) can be decomposed into the sum of two solutions -one describing a standard onedimensional oscillator and the second describing the free motion. So, we get 
We see that the operators (B.5) are projectors on the solutions of (B.3), i.e.
and the following equations hold
(1)
The general solutions of the equations (B.7) are
(B.8)
The equations (B.7) do not restrict the coefficients a i , b i , but we get a relation between constants c i , d i which leads to the following general solutions of (B.1): 
Let us turn over the attention to the oscillator variables, described by the solutions x
i : Using formulae (B.8) and (2.4a)-(2.4b) we find (p i = p contribute only to the "internal" momenta. The time dependent complex oscillators (4.11) are related to the parameters c and δ by means of the formulae
Let us now quantize the model as a one-dimensional field theory. To do this let us introduce the inhomogeneous Green's functions corresponding to the equations (B.1) and satisfying
where O ij is defined by (6.4 Similarly we can introduce homogeneous functions, for which the decomposition formula (B.18) remains valid. In particular we can write the general commutator function of quantized trajectory functionsx i (t), treated as D = 1 quantum field and describes the quantization conditions in coordinate space (Lagrangian formalism). In particular as t = t ′ the commutator (B.25) determines the equal time commutators of six independent variables x i ,ẋ i ,ẍ i , consistent after using the definitions (2.4b) and (4.3) with the quantization conditions obtained from the symplectic structure described by eq. (2.14), (2.19) and (4.5) .
In order to describe the Green function for the oscillator model described by the Lagrangian (5.7) we observe that the Green functions for the equation 7. This is the so-called Schwinger-Jordan representation (see [25] ). 
